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Abstract
We probe into universes filled with Quark Gluon Plasma with non-zero viscosities. In particular,
we study the evolution of a universe with non-zero shear viscosity motivated by the theoretical
result of a non-vanishing shear viscosity in the Quark Gluon Plasma due to quantum-mechanical
effects. We first review the consequences of a non-zero bulk viscosity and show explicitly the
non-singular nature of the bulk-viscosity-universe by calculating the cosmological scale factor R(t)
which goes to zero only asymptotically. The cosmological model with bulk viscosity is extended
to include a Cosmological Constant. The previous results are contrasted with the cosmology
with non-zero shear viscosity. We first clarify under which conditions shear viscosity terms are
compatible with the Friedmann-Lamaˆıtre-Robertson-Walker metric. To this end we use a version
of the energy-momentum tensor from the Mu¨ller-Israel-Stewart theory which leads to causal Navier-
Stoke equations. We then derive the corresponding Friedmann equations and show under which
conditions the universe emerges to be non-singular.
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I. INTRODUCTION
The phenomenological choice of a standard perfect fluid energy–momentum tensor for the
standard cosmology has yielded appropriate results matching observations. Nevertheless, the
existence of unresolved issues in cosmology has made cosmologists wonder if this could be
due to a modification of the geometric part of the Einstein Field Equations (EFE) or of
the energy-momentum tensor. Consider for instance the present accelerated stage of the
universe [1, 2]. While the simplest way to reproduce it is to include a positive cosmological
constant in the EFE (with all the consequences [3–6]), its present value interpreted as vacuum
energy seems to be incompatible with contributions arising from the standard Quantum Field
Theory. Therefore, some modifications of the Einstein equations or the energy-momentum
tensor were suggested [7–9]. Apart from the problem of the actual accelerated stage of the
universe, there are two other problems associated with the early universe. One of them is the
initial singularity when the cosmological scale factor goes to zero. The invariants calculated
at this value of a indicate that a = 0 is a true singularity. For instance the Kretschmann
scalar given as
K = RµναβRµναβ
in Friedmann-Lamaˆıtre-Robertson-Walker (FLRW) cosmology yields
K = 12
(
a¨
a
)2
+
(
a˙
a
)4
,
which indeed tends to ∞ as a → 0 and thus this sets a true singularity at a = 0 [10]. The
other problem in the early universe is the choice of the inflationary scenario at the beginning
of the universe. Many solutions for both problems have been suggested including scalar fields
[11] and higher order gravity [12–14] for the inflationary mechanism and versions of quantum
gravity [15–17] or quantum corrected cosmology [18] for the first problem.
One scenario is particularly interesting as it requires only the modification of the energy-
momentum tensor whose origin would be the Quark Gluon Plasma at the early stage of the
universe. The appealing aspect of this scenario is the fact that one would indeed expect a
deconfining phase of Quantum Chromo Dynamics at an early stage of cosmological evolution
[19, 20]. The ingredients necessary to make the universe non-singular in this model could
be the two possible viscosity terms in the energy-momentum tensor: the bulk and the shear
viscosity. It has been shown by Murphy [21] that bulk viscosity (plus additional assumptions
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about the spatial change of the fluid velocity) leads to a non-singular universe. A number
of authors have also examined the consequences of the bulk universe [22–32], while recently
there has been a rising interest in the study of self interacting viscous dark matter [33–
36]. The shear viscosity has been treated so far in a quite different context arguing that
its presence is incompatible with the Friedman-Lamaˆıtre-Walker-Robertson (FLRW) metric
requiring considerations of different Bianchi types of cosmologies [37–44]. The main obstacle
to treat shear viscosity seems to have been terms with spatial derivatives of the velocities.
Indeed, putting these derivatives to zero in the special relativistic energy-momentum tensor
would make all viscosity terms (bulk and shear) vanish. However, as we will show below,
going over to the general relativistic context there will be a non-zero residual effect for the
bulk viscosity even if the derivatives of velocities are zero in the co-moving frame of the
cosmological fluid. Consider, e.g., a total divergence V µ;µ = g
−1/2∂µ(g1/2V µ) which will be
non-zero even if one insists on ∂µV
µ = 0. The bulk viscosity is proportional to a total
derivative of velocities and its non-zero effect in the FLRW metric goes back to exactly the
above result. It will become clear that shear viscosity cannot be treated in an analogous way.
Paving its entry into homogeneous and isotropic universes is, however, possible by extending
the standard viscous energy-momentum tensor. This extension is one of the possible versions
of the Mu¨ller-Israel-Stewart theory [45–47] which contains a new parameter τpi of dimension
of time proportional to the shear viscosity. This new time scale makes the resulting Navier-
Stokes equations causal [48]. Several possible new energy–momentum tensors are possible
and we refer the reader to [48, 49] for more details. We shall come back to this subject in
section IV and we mention here that our choice of a new causal shear energy–momentum
tensor is motivated by simplicity. We use this new source (shear viscous energy–momentum
tensor) in cosmology and show that it is compatible with the FLRWmetric, i.e. with isotropy
and homogeneity. We this consider as a main result of the paper since shear viscosity was
treated in the past mostly in Bianchi types of cosmological models (see the discussion at the
end of section II).
There are two reasons why such a result is of interest. For one, bulk viscosity is propor-
tional to [1/3 − ∂p/∂ρ] which for relativistic matter would be zero unless some unknown
(quantum) effects would correct this null result. Secondly, and in contrast to the bulk vis-
cosity case, it appears that the shear viscosity cannot reach an absolute zero. An equivalent
version of the uncertainty principle in the Quark Gluon Plasma was studied to suggest that
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the shear viscosity in such a plasma could never reach zero. This was obtained by using
string theory methods in strongly interacting Quantum Field Theories [50]. Later using the
AdS/CFT correspondence, this value was suggested as a lower bound for viscosity on such
systems. The shear viscosity η has a quantum mechanical lower bound [51] of the form
η
s
≥ 1
4π
(1)
where s is the entropy density. Although laboratory experiments on Quark Gluon Plasma
have not shown the existence of any viscous terms, their sensitivity has not yet reached
yet the quantum mechanical limit [52–54]. However, it is also worth noting that some
models suggest the violation of such a limit under particular conditions, see for instance
[55, 56]. Motivated by this result in QGP, and further driven by the possibility that the
early universe was filled with QGP, we shall explore viscous QGP [57–59] as a quantum
effect in the cosmological evolution.
We first discuss the special and general relativistic versions of the energy-momentum
tensor with shear and bulk viscosity in a frame co-moving with the (cosmological) fluid.
Although it is usually assumed that bulk viscosity is compatible with the FLRW metric and
the shear one not, it will become apparent that in the general relativistic context both can
be treated on an equal footing. We then review briefly the bulk viscosity early universe
calculating explicitly the cosmological scale factor. The results will depend on the constant
ρ0/ρBulk where ρ0 is the initial value for the density and ρBulk is inversely proportional
to the bulk viscosity. Taking upon the shear viscosity we show that it could also lead to
non-singular universes provided one of the parameters we introduce as an initial value in
the solutions of a differential equation is negative. However, the way they avoid the initial
singularity is quite different from the bulk case.
Our main motivation is to study the fate of the initial singularity of the very early universe
under the assumption of the extended energy–momentum tensor for shear viscosity. We
therefore will always assume the almost-relativistic equation of state p =
(
1
3
+ ǫ
)
ρ allowing
small deviations by including a small parameter ǫ.
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II. SHEAR AND BULK VISCOSITY IN GENERAL RELATIVITY
Let us first establish the energy-momentum tensor with viscosities in a special relativistic
context. We split the energy-momentum tensor into a sum Tµν = Tµν + ∆Tµν where Tµν is
the energy-momentum tensor of a perfect fluid, i.e., Tµν = (ρ+ p)uµuν + pgµν , and ∆Tµν is
the part containing the viscosities. The full form of the latter has been studied by many
authors (see for instance [60]). Here we follow reference [61] which gives it as
∆T αβ = −ηhαµhβν
[
∂νuµ + ∂µuν − 2
3
ηµν∂σu
σ
]
−ζhαβ∂σuσ − χ
(
hαµuβ + hβµuα
)
[∂µT + Tu
σ∂σuµ] (2)
with
hαβ = ηαβ + uαuβ. (3)
. Here ηαβ is the Minkowski metric, η the shear viscosity coefficient, ζ the bulk viscosity
coefficient, ξ the heat conduction coefficient and χ is due to a purely relativistic effect.
It is worth pointing out that in the special relativistic context putting ∂vi
∂xj
= 0 results in
vanishing bulk and shear viscosities. This might have led some authors to the statement
that the FLRWmetric being isotropic and homogeneous is incompatible with shear viscosity.
However, in the general relativistic context where ηµν is replaced by gµν(x) and ∂µ by the
covariant ∇µ there remains a term proportional to the shear viscosity η even if we put the
partial derivatives of the velocity to zero. We think that this is what Murphy called “the
motion of pure expansion” [21]. To see this point let us start with Weinberg’s [61] expression
for ∆Tµν in a locally co-moving fluid with u
i = 0 and u0 = 1. It reads
∆T ij = −η
(
∂ui
∂xj
+
∂uj
∂xi
− 2
3
∇ · uδij
)
− ζ∇ · uδij ,
∆T i0 = −χ∂T/∂xi − ξ∂ui/∂t,
∆T 00 = 0. (4)
Going to general relativity (GR) one replaces δij → gij, ∂∂xi →∇i and ∇·u→
◦∇µuµ (for the
sake of a compact notation in section III we reserve
◦∇ for the standard covariant derivate
with the Christoffel connection denoted by
◦
Γ) and obtains
∆T ij = −η
(
◦∇jui + ◦∇iuj − 2
3
∇µuµgij
)
− ζ ◦∇µuµgij (5)
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We shall take the cosmological FLRW metric which reads
ds2 = −dt2 +R2(t)(dr2 + r2dθ2 + r2 sin2 θdφ2), (6)
as well as the local system where ui = 0 (i.e. in the co-moving fluid frame). The spatial
components of the metric can be written in the form
gij = R
2g˜ij (7)
with
g˜ij = diag(1, r
2, r2 sin2 θ). (8)
Let us examine the expressions above in more detail. We evaluate first the total divergence
by writing
◦∇µuµ = 1√−g∂µ
(√−guµ) = 1√−g (∂µ√−g)uµ + ∂µuµ (9)
where
√−g = r2 sin2 θR3(t) (10)
and
(∂µ
√−g)uµ = (∂0
√−g)u0 = 3r2 sin2 θR2(t)R˙(t) (11)
so that
1√−g∂0(
√−g) = 3R˙(t)
R(t)
= 3H. (12)
The term ∂µu
µ is just zero if the fluid is incompressible, namely ~∇·~v = 0. Finally, we arrive
at
◦∇µuµ = 3H (13)
With the spatial covariant derivatives being
◦∇jui =
(
∂jui −
◦
Γλjiuλ
)
= − ◦Γ0jiu0 =
◦
Γ0ji (14)
we can also evaluate the explicit derivatives of the velocities in (5). Given that ui = 0 and
u0 = 1, the Chrisfoffel symbols
◦
Γαµν in FLRW of interest in our case are
◦
Γ0ij = R(t)R˙(t)g˜ij. (15)
It is evident from the above that to get a non-zero effect of the bulk viscosity compatible
with the FLRW metric we had to put the divergence of the velocities to zero. Similarly,
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requiring ∂u
i
∂xj
= 0 simplifies the above expression for ∆Tij . We finally obtain, adding ∆T to
the perfect fluid energy-momentum tensor, the full expression as
Tij =
[
pR2 − 3ζHR2] g˜ij . (16)
Einstein’s equations Gij ≡ Rij − (gij/2)R = κTij (the 0 − 0 components of Einstein’s
equations give simply R˙2 = (κ/3)ρR2 with κ = 8πG and they do not receive any contribution
from the viscosities) in the FLRW metric give the following result
− 2R¨
R
− R˙
2
R2
= κ [p− 3ζH ] . (17)
This means that the effect of the shear and bulk viscosity coefficients in FLRW is to modify
the pressure. This modification is explicitly given by
p→ p′ = p− 3ζH. (18)
This is not exactly the same expression mentioned by Murphy [21] following the energy-
momentum tensor of Landau and Lifshitz [62], but given there [21] without derivation.
Murphy’s expression reads p→ p′ = p+(4η−3ζ)H . As far as the bulk viscosity is concerned
we confirm the result in [21], but obtain a zero effect of the shear viscosity. We think that it
is worthwhile to derive the effects of the viscosities to demonstrate the following conclusions
explicitly. In the special relativistic framework putting the divergence of the velocity to zero
implies no effect of the bulk viscosity. However, in the general relativistic framework we can
have at the same time ∇ · u = 0 and a residual effect of the bulk viscosity (compatible with
the FLWR metric). The special relativistic energy-momentum tensor with viscosities would
vanish if all spatial partial derivatives of the velocity were zero. But, in the case of bulk
viscosity in general relativity there will remain a non-zero contribution even if all derivatives
of the velocity are zero in the co-moving cosmological fluid.
Regarding the zero effect of the shear viscosity we think that we are in agreement with
literature here. It is claimed that working with the energy-momentum tensor outlined in
the beginning of section II a non-zero shear viscosity in cosmology would require to work in
Bianchi types of models. Consider for instance the Bianchi type I of cosmological models
where the metric is taken in the form
ds2 = −dt2 +
3∑
i=1
a2i (t)dx
2
i , (19)
7
which has been considered by some authors [37, 38, 41]. In such a case, in order to obtain
explicit solutions we would need full information on the derivation of the velocities which
are given by the Navier-Stokes equations. These Navier-Stokes equations would be the
general relativistic version of the special relativistic version [48, 63] by the replacement
ηµν → gµν and ∂α →
◦∇α. This is a much more challenging undertaking as the non-
relativistic Navier-Stokes is already a complicated system. Going to the relativistic one
complicates the matter and adding gravity (by doing the replacements mentioned) makes it
highly complex. Fortunately, there might exist an alternative to make the shear viscosity
compatible with the FLRW metric. The crucial point is to realize that the shear viscosity
energy-momentum tensor which we used so far is not complete. Indeed, the Navier-Stokes
equations based on this tensor are acausal and need to be remedied by adding new terms [48].
We will come to this point in section IV after having discussed the cosmological implications
of the bulk viscosity.
III. COSMOLOGY WITH BULK VISCOSITY
In order to have a comparison of the effects of the bulk versus shear viscosity let us
briefly review the state of art of the bulk viscosity cosmology. In this context we mention
two important results which relate the bulk and the shear viscosity with the energy density
in a material medium with very short mean free times τ . These relations are given as
[61, 64, 65].
η =
4
15
a¯T 4τ, (20)
ζ = 4a¯T 4τ
[
1
3
−
(
∂p
∂ρ
)
n
]
, (21)
where a¯ is the Stefan-Boltzmann constant and T the temperature. We can take the above
expressions as proportional to the energy density ρ. In the case of non-zero bulk viscosity
Murphy names the proportionality constant α, namely ζ = αρ. We will follow this con-
vention. Some discussion of equation (21) is in order. If we take strictly the relativistic
equation of state, p = 1
3
ρ, the bulk viscosity ζ will come out zero. What apparently is meant
by ζ = αρ [21, 32, 38, 40] is to allow a small deviation in the form p =
(
1
3
+ ǫ
)
ρ or to
consider a small correction to (21). Either way we can speculate that such corrections might
exist due to quantum mechanics which also, as an example, correct the classical equation for
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the ideal gas. In such a case ζ will be, albeit small, proportional to the energy density. Even
if ζ is small the mere fact that it is non-zero can affect the nature of the initial singularity as
shown below. This means we can rewrite the pressure as p′ = p−3αρ(a˙/a) with p = (γ−1)ρ
and end up with the expression
p′ =
(
γ − 1− 3αa˙
a
)
ρ. (22)
Then, the Friedmann equations with Λ = 0, k = 0 and H = a˙/a become
a¨
a
= −4πGN
3
(ρ+ 3p
′
), H2 =
8πGN
3
ρ. (23)
where we used the notation a ≡ R/R0 with R0 = R(t0) being an initial value. It is not
difficult to verify that H must satisfy the Abel equation of the first kind
H˙ =
9
2
αH3 − 3
2
γH2. (24)
Note that for α = 0 we recover the case without viscosity. We first make use of the Abel
equation since it is given completely in terms of the Hubble parameter H . Solving this
equation under the initial condition H(t0) = H0 yields
ln
[
1
H
∣∣∣H − γ
3α
∣∣∣] 3αγ + 1
H
=
3
2
γ(t− t0) + 1
H0
+ ln
[
1
H0
∣∣∣H0 − γ
3α
∣∣∣] 3αγ . (25)
We can solve analytically for H by using the Lambert W function [66]. In the case H0 >
γ/(3/α) we find
H>(t) =
γ
3α
[
1 +W
(
−e γ22α (t−t0) + f(H0)
)] , f(H0) = γ
3αH0
+ ln
[
1
H0
(
H0 − γ
3α
)]
. (26)
If H0 < γ/(3/α) we obtain instead
H<(t) =
γ
3α
[
1 +W
(
e
γ2
2α
(t−t0) + g(H0)
)] , g(H0) = γ
3αH0
+ ln
[
1
H0
( γ
3α
−H0
)]
. (27)
Taking the alternative path to arrive at a solution (i.e., determining first ρ = ρ(a) via the
continuity equation and using the latter in the second Friedmann equation in (23) H2 ∝ ρ)
we note that
ρ˙+ 3Hρ(γ − 3αH) = 0. (28)
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Using the second Friedmann equation in (23) and assuming radiation domination (the equa-
tion of state is of the standard form p = (γ − 1)ρ with γ = 4/3 for relativistic matter) we
can write the above equation in the following way∫ ρ
ρ0
dρ˜
4
3
ρ˜∓ 3αρ˜ 32 = −3
∫ a
a0
da˜, (29)
where the ± signs come from the fact that H = ±√κρ/3. The solution takes the form(
a
a0
)2
=
[
1∓√κ
3
9
4
α
√
ρ
1∓√κ
3
9
4
α
√
ρ0
]√
ρ0
ρ
, (30)
or, alternatively, solving the above equation for ρ(a)(
ρ
ρ0
) 1
2
=
1
a2 ±√κ
3
9
4
αρ
1
2
0 (1− a2)
, (31)
where we have set a0 = 1 as it should be. Together with this result the second Friedmann
equation in (23) can be used to infer the behavior of a(t). From∫ a
a0=1
da˜
a˜
[
a˜2 ±
√
κ
3
9
4
αρ
1
2
0 (1− a˜2)
]
= ±
√
κρ0
3
(t− t0) (32)
we obtain
1
2
a2 ∓ 1
2
a2
√
ρ0
ρBulk
±
√
ρ0
ρBulk
log(a)− 1
2
± 1
2
√
ρ0
ρBulk
= ±
√
κρ0
3
(t− t0) . (33)
Here, we have defined the density ρBulk as
ρ
1
2
Bulk ≡
4
√
3
9
1
α
√
κ
, (34)
which is a critical value for ρ, since ρ = ρBulk implies ρ˙ = 0 as can be seen in the continuity
equation (28). Note that in the standard case of zero viscosity, i.e, α = 0 one has ρ
− 1
2
Bulk → 0
and thus one recovers the expected solution of the form a ∝ √t. The solution above can be
further simplified if we define
ξ0 ≡ ρ0
ρBulk
(35)
and we take the dimensionless variable
τ ≡ √κρ0t, (36)
making equation (33) take the form
1
2
(a2 − 1)±
√
ξ0
(
1
2
− 1
2
a2 + log(a)
)
= ± 1√
3
(τ − τ0). (37)
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FIG. 1: Plot of a(τ˜) as given by the upper
sign of equation (37) for ξ0 = 0.55. Where
a(τ˜) approaches zero asymptotically.
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FIG. 2: For comparison we plot of a(τ˜) as
given by equation (38) which implies ξ0 = 1.
The particular case in which ξ0 = 1 has a very special behavior. We find that for the first
sign, i.e. positive H , we have
a(τ˜) = exp
[
1√
3
τ˜
]
= exp
[√
κ
3
√
ρ0(t− t0)
]
= exp
[
4
9α
(t− t0)
]
, (38)
while for negative H we find
1
a2
+ ln[a]− 1 = 1√
3
τ˜ =
√
κρ0
3
(t− t0). (39)
The exponential solution makes it clear that the early universe has an inflationary expansion.
It goes hand in hand with H = const = 4/(9α) consistent with (24). Indeed, note that the
choice of the parameter ξ0 turns out to be rather important in general and it is related to
parameter C in [21]. To see that we plot a(τ˜) with τ˜ = τ − τ0 in Figures 1-3 for the upper
sign of equations (37) choosing ξ0 below, equal and above 1. The condition to avoid the
initial singularity has to do with ξ0. For ξ0 ≤ 1 the scale factor a of the universe approaches
zero asymptotically (as τ˜ → −∞) and hence avoids the singularity. The smaller the ξ0 the
more the universe displays a “coasting” non-singular character.
Moreover, from the first Friedmann equation in (23) we see that whenever
ρ1/2 >
2
√
3
9
√
κα
≡ ρ1/2Bulk,inf (40)
there is an accelerated expansion. This is true all the time for the model in Figure 2 since
ρ1/2 = ρ
1/2
Bulk =
4
√
3
9α
√
κ
implies that H is also constant, while for the model plotted in Figure 1
this happens only for a finite amount of time. The models with initial values ξ0 > 1 appear
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FIG. 3: Plot of a(τ˜) when the upper sign of equation (37) is chosen. Here, ξ0 = 1.55 where τ˜(a) is
not invertible as can be seen beyond τ˜ ≃ 0.8.
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FIG. 4: Plot of a(τ˜) when the lower sign in
equation (37) is chosen. Here, ξ0 = 0.55. We
have a contracting Universe which at some
time τ˜crit stops evolving, the lower branch is
excluded since it does not go through a = 1.
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FIG. 5: Plot of a(τ˜) as given by equation
(39) which implies ξ0 = 1. The interpreta-
tion is similar to the case ξ0 = 0.55.
to have a similar behavior towards the past (i.e. τ˜ → −∞) also avoiding the singularity,
but towards higher values of τ˜ , at some point this Universe ‘stops evolving’, or as Murphy
writes this Universe “runs out of time” [21].
This becomes more transparent if we find the critical value τ˜crit at which
dτ˜
da
= 0. We
start by first finding its corresponding value acrit from equation (37) which yields
12
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FIG. 6: Plot of a(τ˜) as given by the lower sign equation (37) for ξ0 = 1.55. Similarly to Figure 5
we have a contracting universe which stops evolving at a certain time or a non-singular expanding
one which “runs out of time”. Again, the lower branch is excluded.
a2crit =
∓√ξ0
1∓√ξ0
, (41)
where one finds that this value is a maximum for a. Note that this value is not always real
for the expanding Universe. We use then equation (37) to obtain the τ˜crit that corresponds
to it:
τ˜crit = ±
√
3
2
( ∓√ξ0
1∓√ξ0
− 1
)
+
√
3
2
(√
ξ0 ± ξ0
1∓√ξ0
+
√
ξ0 ln
[ ∓√ξ0
1∓√ξ0
.
])
. (42)
We have included this value explicitly in the plots.
This type of model will also have an accelerated expansion which will never reach its end
and this is the main reason why it exhibits a non-invertible behavior at late times. This can
be easily checked using equation (31) and noting that the density will always be above the
value ρ1/2 = 2
√
3
9
√
κα
.
The lower sign in our solution of the Friedmann equations describes collapsing universes
which abruptly end at a certain scale factor or expanding universes starting with a flat
non-singular evolution at the beginning and also ending abruptly (see Figures 4, 5 and 6).
A. The case with Λ 6= 0 and k = 0
In this case the Friedmann equations are
a¨
a
= −4πGN
3
(ρ+ 3p
′
) +
Λ
3
, H2 =
8πGN
3
ρ+
Λ
3
. (43)
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Since ρ ≥ 0 we have H2 ≥ Λ/3. It can be easily verified that also in this case H satisfies an
Abel equation of the first kind, namely
H˙ =
9
2
αH3 − 3
2
γH2 − 3
2
αΛH +
1
2
γΛ. (44)
We mention here that the same steady state solution for H , namely H = 4/(9α) which we
encountered above with the bulk viscosity non-zero and Λ = 0 is also possible for Λ 6= 0 and
γ = 4/3 (radiation) as a direct check reveals. The resulting exponential inflation does not
contain the cosmological constant which enters only the expression for the constant density.
To get more insight into the consequences of the introduction of a positive cosmological
constant we will employ different semi-analytical methods. We start by studying some global
properties of the solution that can be evinced from the theory of autonomous differential
equations. If we introduce the new dependent variable h = 3
√
α/ΛH and the independent
variable τ = (9
3
√
αΛ2/2)t, the above differential equation can be brought into the form
h
′
= h3 + a2h
2 + a1h+ a0,
′
=
d
dτ
, a2 =
a0
a1
, a1 = −1
3
3
√
α2Λ, a0 =
γ
9
. (45)
Imposing the initial condition h(τ0) = h0 > 0 the general integral of the differential equation
above reads ∫ h(τ)
h0
dy
y3 + a2y2 + a1y + a0
= τ − τ0. (46)
The roots of the cubic polynomial appearing in the denominator of the integral are
y1 = −y2, y2 =
√
3
3
6
√
α2Λ > 0,
y2
y3
=
α
√
3Λ
γ
. (47)
We always have one negative and two positive roots. Observe that y2 < y3 whenever
α
√
3Λ < γ and y2 > y3 for α
√
3Λ > γ. From the theory of autonomous differential equations
y1, y2 and y3 will represent the equilibrium solutions. Furthermore, p(h) = h
3+a2h
2+a1h+a0
has local maxima and minima at
hmin =
γ +
√
γ2 + 9α2Λ
9
3
√
α2Λ
, hmax =
γ −
√
γ2 + 9α2Λ
9
3
√
α2Λ
< 0 (48)
with p(hmin) < 0, p(hmax) > a0, and y2 < hmin < y3. Taking into account that we are only
interested in the case of positive h, it is not difficult to check that h increases whenever
0 < h0 < y2, or h0 > y3. On the other hand, h decreases if y2 < h0 < y3. We have the
following allowed scenarios
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1. 0 < h(τ) < y2 for h0 ∈ (0, y2): this case corresponds to H2 < Λ/3 and is, by the
second Friedmann equation in (43), unphysical.
2. y2 < h(τ) < y3 for h0 ∈ (y2, y3): the Universe decreases in size and approaches a lower
bound given by the horizontal asymptote y2.
3. h(τ) > y3 for h0 > y2: in this case the Universe grows without bound.
For an expanding Universe we are left with case 3. Either we have h > y2 > y3 or h > y3 > y2.
This relates the bulk viscosity to the (positive) Cosmological Constant. In our Universe (with
√
Λ ∼ 10−42GeV2 [67]) this puts a very weak bound on α, i.e. α < 4
3
√
3
1√
Λ
.
Integrating (46) in the case h0 > y3 yields the solution
[h(τ) + y2]
c1 [h(τ)− y2]c2 [h(τ)− y3]c3 = [h0 + y2]c1 [h0 − y2]c2 [h0 − y3]c3eτ−τ0 (49)
with
c1 =
1
(y2 − y1)(y3 − y1) =
1
2y22(1 + ω)
, ω =
γ
α
√
3Λ
,
c2 =
1
(y2 − y1)(y2 − y3) =
1
2y22(1− ω)
,
c3 =
1
(y3 − y1)(y3 − y2) =
1
y22(ω
2 − 1) . (50)
If y2 < h0 < y3, the solution reads
[h(τ) + y2]
c1[h(τ)− y2]c2
[y3 − h(τ)]c3 =
[h0 + y2]
c1[h0 − y2]c2
[y3 − h0]c3 e
τ−τ0 . (51)
Finally, if 0 < h0 < y2, we get
[h(τ) + y2]
c1
[y2 − h(τ)]c2 [y3 − h(τ)]c3 =
[h0 + y2]
c1
[y2 − h0]c2[y3 − h0]c3 e
τ−τ0 . (52)
In examining the solutions obtained above, it is clear that above we assumed that explicit
solutions are possible. If we drop this assumption and are satisfied with an implicit solution
we can integrate (44) by standard methods. First of all, observe that (44) can be rewritten
as
H˙ =
3
2
(
H2 − Λ
3
)
(3αH − γ). (53)
Since from the second equation in (43) H2 > Λ
3
, it follows that the solution of (53) will
increase or decrease depending whether H > γ
3α
orH < γ
3α
, respectively. The above equation
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can be trivially solved by the method of separation of variables. Taking into account the
partial fraction expansion
1(
H2 − Λ
3
)
(3αH − γ) =
1
γ2 − 3Λα2
(
3α
H − γ
3α
− 3αH + γ
H2 − Λ
3
)
,
and an initial condition H0 = H(t0) with H
2
0 > Λ/3 the corresponding solution of the initial
value problem associated to (53) can be obtained by solving∫ H
H0
(
3α
H˜ − γ
3α
− 3αH˜
H˜2 − Λ
3
− γ
H˜2 − Λ
3
)
dH˜ =
3
2
(γ2 − 3Λα2)
∫ t
t0
dt˜.
Since for H >
√
Λ
3
we have the indefinite integral
∫
dH
H2 − Λ
3
= − 1√
Λ
3
coth−1
(√
3
Λ
H
)
+B,
we find that the solution of our initial value problem becomes√Λ
3
ln

[
(3αH˜ − γ)2
(3H˜
2
Λ
− 1)
] 3α
γ
+ ln
√
3
Λ
H˜ + 1√
3
Λ
H˜ − 1
 ∣∣∣∣∣
H
H0
=
3
γ
√
Λ
3
(γ2 − 3α2Λ)(t− t0).
from which we conclude that
√
3
Λ
H˜ + 1√
3
Λ
H˜ − 1
[(3αH˜ − γ)2
(3H˜
2
Λ
− 1)
]α√3Λ
γ
∣∣∣∣∣
H
H0
= e
3
γ
√
Λ
3
(γ2−3α2Λ)(t−t0) (54)
The cosmological Abel equation (44) was also obtained in [68] as an approximation for the
Mu¨ller-Israel-Stewart cosmological model [45–47]. However, in [68] this equation is solved
using a tanh−1 function in place of coth−1 and an inappropriate argument in the logarithm
(both violating the inequality H2 ≥ Λ/3). Note that for α = 0 we obtain the correct solution
for a universe with a positive cosmological constant. This suggests that the solution given
by [68] should actually be replaced by (54).
It is interesting to study yet another road to the solution starting from the continuity
equation. In order to avoid repetition we will focus below on the functional form of the
energy density. We have
ρ˙ = −3H(ρ+ p− 3αHρ). (55)
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Relying on the relation between H and ρ from the Friedmann equations means that we can
cast the above equation in the form
dρ = −4da
a
ρ
(
1∓ 9α
4
1√
3
√
κρ+ Λ
)
. (56)
Solving this for the upper sign gives
4
−16 + 27α2Λ ln
( 4− 3√3α√Λ + κρ
4− 3√3α√Λ + κρ0
)2(
ρ0
ρ
)
+
3
√
3α
√
Λ
−16 + 27α2Λ ln
[ √
Λ + κρ+
√
Λ√
Λ + κρ0 +
√
Λ
√
Λ + κρ0 −
√
Λ√
Λ + κρ−√Λ
]
= − ln
(
a
a0
)
.
(57)
Note that as expected the previous results are recovered as Λ → 0. Moreover, from this
form of a in terms of ρ we may also observe that the critical density obtained above would
be affected by the cosmological constant. In the case of an expanding Universe we would
obtain the following modified critical density
ρBulk,Λ ≡ 16
27α2
1
κ
− Λ
κ
= ρBulk − ρvac, (58)
where ρvac =
Λ
8piG
. From the continuity equation we get ρ˙ < 0 (expected in an expanding
universe) only if 0 < H < 4/(9α). The Friedmann equation which relates H to ρ implies
then ρ < ρBulk,Λ. The effect of the Cosmological Constant is to diminish the critical density
and change the condition for an accelerated Universe a¨ > 0 which will now be(
1− 9
2
αH
)
<
ρvac
ρ
. (59)
Equations (58) and (59) might be considered as the effects of Λ in an early Universe
with bulk viscosity. The other interesting characteristic of such a model is that Λ would
still account for the late time acceleration of the Universe, since we would expect viscosity
to be negligible later. It is worth noticing that α can be estimated in the lattice gauge of
Quantum Chromodynamics as suggested in [69, 70]. Here we just give the end result which
is in the form α = 1
9ω0
9γ2−24γ+16
γ−1 , where γ ≃ 1.183 and ω0 ≃ 0.5−1.5GeV. This gives a range
for α, namely 0.0823 GeV−1 < α < 0.247 GeV−1.
Implicit information on the density can also be obtained if we replace in equation (55)
all terms with the Hubble parameter by H = ±
√
κ
3
ρ+ Λ
3
. We arrive then at
dρ
dt
= ∓4ρ
√
4
3
ρ+
Λ
3
(
1∓ 9
4
α
√
κ
3
ρ+
Λ
3
)
(60)
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whose implicit solutions can be parametrized by Λ = κρvac and
ρ¯ ≡ ρvac + ρ (61)
ρ¯0 ≡ ρvac + ρ0 (62)
For the the upper sign (the expanding Universe) the solution takes then the form
t− T0 = 1
27α2κρvac − 16
[
− 4
√
3√
κρvac
ln
[ √
ρvac +
√
ρ¯√
ρvac +
√
ρ¯0
√
ρ¯0 −√ρvac√
ρ¯−√ρvac
]
+9α ln
[
1 + 3
4
√
3α
√
κ
√
ρ¯
1 + 3
4
√
3α
√
κ
√
ρ¯0
× 1−
3
4
√
3α
√
κ
√
ρ¯0
1− 3
4
√
3α
√
κ
√
ρ¯
× 16− 27α
2κρ¯0
16− 27α2κρ¯
ρ
ρ0
]]
.
(63)
It is of some interest to have a closer look at the global behavior of the density in an
expanding/contracting universe with bulk viscosity. Take, e.g., a contracting universe with
H < 0. Then equation (28) guarantees that the density is decreasing and hence with ρ˙ > 0
we get ξ0 > 1. This almost self-evident fact is not true any more for an expanding universe
with H > 0. We have ρ˙ < 0 if 1 − (9αH/4) > 0 (for the radiation case in (28)). It follows
that H < 4/(9α) which leads to H =
√
κρ/3 < 4/(9α). The immediate conclusion is that
ξ0 < 1. Expanding Universes with bulk viscosity and ξ0 > 1 might have the paradoxical
behavior (at least from the mathematical point of view) that their densities increase. We
might exclude them on interpretative grounds. We will find a similar situation in the shear
cosmology, but with reversed roles of expanding and collapsing.
IV. SHEAR VISCOSITY
We further explore models with viscosity, motivated by the notion that the shear viscosity
in the QGP may have a minimum bound as mentioned above. We put forward the question
here as to what would happen if we had a fluid with shear viscosity instead of bulk. This
undertaking is motivated further by the fact that bulk viscosity as given in equation (21)
would vanish in a radiation dominated era (unless unknown quantum effects prevent this
from happening).
The ideal energy-momentum fluid tensor T does not contain any dissipative (bulk or
shear) terms. The dissipation is introduced by the term ∆T at the beginning of section
III. We found that the only non-zero effect of the dissipation compatible with the FLRW
metric is the bulk viscosity. As far as the bulk term is concerned we can leave the matter
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as it is and focus exclusively on the shear viscosity from now on. The special relativistic
Navier-Stokes equations based on the energy-momentum tensor T = T + ∆T are acausal
(we refer the reader to literature [71–74] for details). Indeed, the speed of diffusion exceeds
the velocity of light. There seem to be different ways to regulate the theory by introducing
the relaxation time τpi (and other transport coefficients) which for the sake of mathematical
simplicity we keep constant proportional to the shear viscosity parameter η. This should
suffice to answer the question how shear viscosity affects the early universe, especially its
initial singularity. We note that different versions of density dependent τpi exist in the
literature [49] and we will come back to these versions in future investigations. We will
explore here the most simple remedy in the form of Mu¨ller-Israel-Stewart theory based on
the second law of thermodynamics. There exists also a version based on kinetic equations
and a higher order theory based on conformal symmetry [75]. In other words, several
versions of a causal shear viscous energy–momentum tensors are possible. Put simply, the
classification scheme to distinguish them relies on conformal symmetry (or the lack of it)
or the inclusion of geometric tensor like the Ricci and Riemann tensors, i.e. we can have
conformal and non-conformal versions as well as types of shear energy–momentum tensors
which themselves will contain the geometric tensors usually associated with the left hand
side of the Einstein equations. Another tool to classify the causal shear energy–momentum
tensor would be the case of equilibrium versus out–of–equilibrium. For details, we refer the
reader to [48, 49]. Our guiding principle is based on simplicity since the structure of the
new energy–momentum tensor is usually complicated. We opt for the simplest viscosity
case given in [48] (see equation 67 below) called there the Boltzmann gas which we treat
in two versions: traceless and non-traceless. We follow the reference [48] which as most
of the article uses the signature (+,−,−,−). We therefore will also from now on use this
convention. To be specific we have
gµν = diag(1,−R2(t),−R2(t)r2,−R2(t)r2 sin2 θ) (64)
with its inverse given by
gµν = diag
(
1,− 1
R2(t)
,− 1
R2(t)r2
,− 1
R2(t)r2 sin2 θ
)
(65)
such that gµνg
µν = δαα. With this metric all the non-zero Christoffel symbols are
◦
Γ101 =
◦
Γ110 =
◦
Γ220 =
◦
Γ202 =
◦
Γ303 =
◦
Γ330 =
R˙
R
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◦
Γ011 = R˙R,
◦
Γ022 = R˙Rr
2,
◦
Γ033 = R˙Rr
2 sin2 θ
◦
Γ111 = 0,
◦
Γ122 = −r,
◦
Γ133 = −r sin2 θ
◦
Γ212 =
◦
Γ221 =
◦
Γ313 =
◦
Γ331 =
1
r
◦
Γ233 = − sin θ cos θ,
◦
Γ323 =
◦
Γ332 = cot θ.
As before we will be working in the comoving frame uµ = (1, 0, 0, 0). Following [48] we
introduce first some convenient abbreviated notation
D ≡ uµ ◦∇µ, ∇α = ∆µα
◦∇µ
∆µν ≡ gµν − uµuν
∇<µuν> ≡ 2∇(µuν) − 2
3
∆µν∇αuα
where
◦∇µ corresponds to the covariant derivative with respect to the Christoffel symbols.
The full energy momentum tensor will be given by
Tµν = Tµν + πµν , (66)
where the behavior of the additional term πµν is given by the following equation
πµν + τpi
[
Dπµν +
4
3
πµν∇αuα
]
= η∇<µuν> +O(δ2). (67)
Neglecting the term proportional to τpi gives us back the viscosity contribution discussed
in section III. Indeed, with the FLRW metric the term is zero as can be easily shown. We
show that the first term on the right hand side is zero for µ = ν = 0 and for µ = ν = i.
Expanding our first order expression gives
∇<µuν> =2(gα(µ − uαu(µ) ◦∇αuν)
− 2
3
(gµν − uµuν)(gβα − uβuα)
◦∇βuα
(68)
such that for the µ = ν = 0 case we easily establish
∇<0u0> = 0 (69)
For the spatial components we have by virtue of ui = 0
◦∇i′uj = ∂i′uj +
◦
Γji′λu
λ =
◦
Γji′0u
0 = δji′
R˙
R
(70)
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and a similar equation for
◦∇αγ . Hence we conclude again that
∇<iuj> = 2gα(i ◦∇αuj) − 2
3
gij(gβα − uβuα)gβγ
◦∇γuα
= 2gijH − 2
3
gij(gαβ − uβuα)gαβH
= gij(2H − 2
3
(3)H) = 0. (71)
Together with ∇<0ui> = 0, which can be readily shown to hold, this confirms the results
obtained in section II. A non-zero contribution is possible only through the term proportional
to τpi in (67). The compatibility with the FLWR metric requires the πµν part to be diagonal.
In view of that we would like to have
πi0 = π0i = 0 (72)
πij = πji = 0 if i 6= j, (73)
which we will satisfy by choosing appropriate initial conditions. Starting with the 0 − 0
component of equation (67)
π00 + τpi
(
uµ
◦∇µ(π00) + 4
3
π00
(
(gβα − uβuα)gβγ
◦∇γuα
))
= 0, (74)
we notice that
◦∇0π00 = ∂0π00 +
◦
Γ00λπ
λ0 +
◦
Γ00λπ
0λ = π˙00, (75)
since the Christoffel symbols are zero. On the other hand we also have
(gβα − uβuα)gβγ
[
∂γu
α +
◦
Γαγλu
λ
]
= δγα
◦
Γαγ0 =
◦
Γλλ0 = 3
R˙
R
= 3H. (76)
Putting the results together gives a differential equation for π00
π00 + τpi
(
π˙00 + 4
R˙
R
π00
)
= 0 (77)
which can be readily integrated in the form
π00 = π0
(
R0
R
)4
e−
(t−t0)
τpi (78)
where π00(t0) ≡ π0.
For the case µ = i, ν = j we can perform a similar analysis. Indeed, we can write
πij + τpi
[
uµ
◦∇µ(πij) + 4
3
πij
(
(gβα − uβuα)gβγ
◦∇γuα
)]
= 0. (79)
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It is easy to see that
uµ
◦∇µπij = π˙ij +
◦
Γi0λπ
λj +
◦
Γj0λπ
iλ
= π˙ij +
R˙
R
πij +
R˙
R
πij . (80)
The full differential equation then reads
πij + τpi
[
π˙ij + 2
R˙
R
πij + 4πij
R˙
R
]
= 0. (81)
Its solution is given by
πij = πij(t0)
(
R0
R
)6
e−
(t−t0)
τpi . (82)
The condition that πµν be diagonal can be implemented by choosing appropriate initial
conditions. Indeed, proceeding along the same lines as above one can also show that
πi0 + τpi
[
π˙i0 + 5Hπi0
]
= 0 (83)
which yields the solution
πi0 = πi0(t0)
(
R0
R
)5
e−
(t−t0)
τpi (84)
guaranting that by choosing appropriate initial conditions one can make πµν diagonal.
A few comments on the transport coefficient τpi are in order. There exist different theo-
ries/estimates to calculate τpi and η. Among them are the gauge/gravity duality [75], BKG
[76] (Boltzmann equation in the form used by Bhatnagar, Gross and Krook [77]) pertur-
bative QCD [78] and lattice QCD [79]. In some of the approaches η and τpi are density
dependent. In the BGK theory, used by many authors, one takes τpi = τR where τR is the
relaxation time in the Boltzmann equation [49]. The relaxation time τR can be estimated
by the mean free path [80] or by taking it constant [76]. For instance in [76] τR is taken as
τR = 0.5 fm, which is much bigger than the Planck length.
A. Conservation Laws
Let us recall that the Einstein equations will be given in the form Gµν = −κTµν . Since
the left hand side satisfies
◦∇µGµν = 0 it is stringent that our energy-momentum tensor
fullfills
◦∇µT µν =
◦∇µT µν +
◦∇µπµν = 0. (85)
22
We know from standard cosmology that
◦∇µT µν is zero for ν = i, and that for ν = 0 it gives
◦∇µT µ0 = ρ˙+ 3H(ρ+ p). (86)
Thus we concentrate on the term related to πµν
◦∇µπµν = ∂µπµν +
◦
Γµµλπ
λν +
◦
Γνµλπ
µλ (87)
Specializing first on ν = 0. i.e.,
◦∇µπµ0 = ∂0π00 +
◦
Γµµ0π
00 +
◦
Γ0µλπ
µλ (88)
◦∇µπµ0 = π˙00 + 3R˙
R
+ R˙Rπ11 + R˙Rr2π22 + R˙Rr2 sin2 θπ33 (89)
we infer that
◦∇µπµ0 = π˙00 + 3R˙
R
π00 + g˜ijR˙Rπ
ij . (90)
On the other hand for ν = i we have
◦∇µπµi = ∂µπµi +
◦
Γµµλπ
λi +
◦
Γiµλπ
µλ = 0 (91)
from which it follows that
◦
Γµµi′π
i′i +
◦
Γiµλπ
µλ = 0. (92)
We get different relations for each value of i. The i = 1 case gives
◦
Γµµ1π
11 +
◦
Γ111π
11 +
◦
Γ122π
22 +
◦
Γ133π
33 =
1
r
π11 +
1
r
π11 − rπ22 − r sin2 θπ33 = 0 (93)
which in short form reads
2π11 = r2π22 + r2 sin2 θπ33. (94)
For i = 2 we have
◦
Γµµ2π
22 +
◦
Γ211π
11 +
◦
Γ222π
22 +
◦
Γ233π
33 = cot θπ22 + (− sin θ cos θ)π33 = 0 (95)
from which we conclude that
π22 = sin2 θπ33 (96)
or alternatively
π11 = r2 sin2 θπ33 (97)
π11 = r2π22. (98)
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This way we can relate the two other components of the diagonal πij to one component only
πij = diag(π11,
π11
r2
,
π11
r2 sin2 θ
) (99)
πij = diag(π
11R4, π11r2R4, π11r2 sin2 θR4) = g˜ijR
4π11. (100)
Now, since
π˙00 + 3Hπ00 + g˜ijR˙Rπ
ij = π˙00 + 3H(π00 +R2π11) (101)
the modified continuity equation is
ρ˙+ π˙00 + 3H
[
(ρ+ π00) + (p+R2π11)
]
= 0. (102)
This suggests a modification of the density and pressure in the following way
ρ→ ρ+ π00
p→ p+R2π11.
(103)
B. Friedmann Equations
Proceeding to calculate the Friedmann equations from the Einstein Field equations,
namely Gµν = −κTµν , we need the 0 − 0 and i − i components of the Einstein and the
full energy-momentum tensor. Starting with the 0− 0 components we see that
R00 = 3
R¨
R
, R11 = −(RR¨ + 2R˙2), R22 = −r2(RR¨ + 2R˙2), R33 = sin2 θR22 (104)
and the Ricci scalar comes out to be
R = gµνRµν = R00g
00 +R11g
11 +R22g
22 +R33g
33 = 6
R¨
R
+ 6H2. (105)
This gives us the 0− 0 component of the Einstein tensor
G00 = 3
R¨
R
− 1
2
(
6
R¨
R
)
− 1
2
6H2 = −3H2. (106)
Thus the first Friedmann equation reads
H2 =
κ
3
(ρ+ π00) (107)
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For the second Friedmann equation we take the i − j with i = j components of the
Einstein field equations Gij = −κ(Tij + πij). It can be easily seen that
Rij = −g˜ij(RR¨ + 2R˙2)
1
2
gijR = −1
2
R2g˜ij
(
6
R¨
R
+ 6
R˙2
R2
)
Gij = g˜ij
(
2R¨R + R˙2
)
. (108)
On the other hand we have
Tij = −pgij = pR2g˜ij (109)
and
πij = π
klgikgil = π
klg˜ikg˜ilR
4 (110)
leading to
g˜ij(2R¨R + R˙
2) = −κ(pR2g˜ij + πij) (111)
where we have used the form of the π-tensor from eq. (100). The second Friedmann equation
can now be cast into the
R¨
R
= H2 + H˙ = −κ
6
[
(ρ+ π00) + 3(p+R
2π11)
]
. (112)
The two Friedmann equations can be shown to be consistent with the continuity equation we
derived before. We see that all of the above suggests that the quantity πµν may be written
in a similar way as T µν , namely
πµν = (π00 +R2π11)uµuν − R2π11gµν (113)
so that
T µν = T µν + πµν = [(ρ+ π00) + (p+R2π11)]uµuν − (p+R2π11)gµν . (114)
The apparent formal steady state solution R˙ = 0 of the Friedmann equation is possible
if ρ = −π00 and π11 = − p
R2
. If we insist on a non-empty Universe, this, however, leads to
a contradiction. Since the velocities ∂βu
α are zero, the covariant derivative takes the form
◦∇λuµ =
◦
Γµλ0. Because of
◦
Γi0j =
R˙
R
δij and
◦
Γ0ij = RR˙g˜ij, the solution R =constant implies
that all covariant derivatives are zero and hence also πµν (see eq. (67)). We end up with
ρ = p = 0.
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C. Traceless Case
We know that for radiation, the standard perfect fluid energy-momentum tensor is trace-
less, i.e., T µµ = 0. We can impose the same condition on the trace of πµν and study the
consequences. Putting the trace to zero
gµνπ
µν = π µµ ≡ π¯ = g00π00 + g11π11 + g22π22 + g33π33 (115)
π¯ = π00 − R2π11 − R2r2π22 − R2r2 sin2 θπ33 = 0 (116)
gives
π00 = 3π11R2, (117)
which looks similar to the equation of state for radiation in which p = 1
3
ρ. We note that
using the time dependence of π00 and π11 we also find a relation between the initial values,
namely,
π0 = 3π
11(t0)R
2
0. (118)
The π-contribution to the energy-momentum tensor now reads
πµν =
[(
π0 +R
2
0π
11(t0)
)
uµuν −R20π11(t0)gµν
](R0
R
)4
e−
(t−t0)
τpi , (119)
while the Friedmann equations simplify to
H2 =
κ
3
(ρ+ π00) (120)
H2 + H˙ = −κ
3
(ρ+ π00). (121)
From the continuity equation
ρ˙+ π˙00 = −4H(ρ+ π00) (122)
we infer the solution for the density
ρ+ π00 = (ρ0 + π0)
(
R0
R
)4
. (123)
Putting this into the first Friedmann we obtain
H = ±
√
κ
3
(ρ0 + π0)
(
R0
R
)2
(124)
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the cosmological scale factor comes out as
R = R0
(
2
√
κ
3
(ρ0 + π0)(t− t0) + 1
)1/2
, (125)
with R0 = R(t0) 6= 0. This corresponds to the standard case with the replacement ρ0 →
ρ0 + π0. It is evident that we do not avoid the initial singularity here, as R(t) becomes zero
at some finite time. The only effect of the traceless viscosity energy-momentum tensor, is
apart form the modification of ρ0, the behavior of the density at early times
ρ = (ρ0 + π0)
(
R0
R
)4
− π0
(
R0
R
)4
e−
(t−t0)
τpi (126)
which at later times goes over to the standard expression. It appears that, at least formally
H2 could be zero if π0 < 0, leading to a possible bounce. However equation (123) says that
in such a case
ρ+ π00 = (ρ0 + π0)
(
R0
R
)4
= 0 when ρ0 = −π0 (127)
and thus will lead to R being constant, discarding the bounce possibility.
D. The non-traceless case
In a more general case the conservation law
ρ˙+ π˙00 = −3H
[
(ρ+ π00) +
(
1
3
ρ+R2π11
)]
(128)
together with the Friedman equations
H2 =
κ
3
(ρ+ π00), (129)
H2 + H˙ = −κ
6
[
2ρ+ π00 + 3R
2π11
]
, (130)
are the determining cosmological equations. Noting that π11 may be written as
π11 =
π00
π0
π11(t0)
(
R0
R
)2
(131)
and taking ρ from the first Friedmann equation, we arrive at
2H2 + H˙ = −κ
6
π00
(
3π11(t0)
π0
R20 − 1
)
. (132)
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Finally, we can write this in terms of R and t defining
ξ ≡
(
3π11(t0)
π0
R20 − 1
)
. (133)
The differential equation for the scale factor R(t) is given by
R¨R3 + R˙2R2 = f(t) (134)
where
f(t) ≡ −κ
6
ξπ0R
4
0e
− (t−t0)
τpi . (135)
In terms of a = (R/R0) this reads as
a¨a3 + a˙2a2 = −κ
6
ξπ0e
− (t−t0)
τpi ≡ f˜(t). (136)
This equation is non-linear and difficult to solve analytically, at least in an explicit form.
However, with the following ansatz
a = a0e
−b(t−t0) (137)
we can get a special solution. We see that (137) is indeed a special solution, provided we
satisfy
b =
1
4τpi
, 2a40b
2 = −κ
6
ξπ0. (138)
If we consider this to be a physical solution we have to respect also a0 = 1 which makes
(138) a relation between κξπ0 and τpi. Furthermore, it follows that ξπ0 has to be negative
(ξ = 0 brings us back to the traceless case). Mathematically, we can distinguish the two
possibilities
ξ < 0 and π0 > 0, or ξ > 0 and π0 < 0. (139)
The first one sets a maximally possible value for R0 in the form
3π1R
2
0 < π0 (140)
provided π1 ≡ π11(t0) is positive. The second possibility gives us a minimal value of R0 in
the form
3
π1
π0
R20 > 1 (141)
if π1 is also negative. Since we do not know anything about π1 and π0 we can interpret the
above results as a bound on π1/π0 or equivalently as a relation between these two. With
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the special solution of a collapsing universe at hand we can also obtain an expression for ρ
by noting that H = −b and then putting this into equation (126). In this case we arrive at
ρ =
3
16κτ 2pi
− π0
a40
(142)
which corresponds to a constant density (provided we impose a condition to keep it bigger
than or equal zero) as well as a constant π00 in time
π00 =
π0
a40
. (143)
It is convenient to rewrite (136) in dimensionless form by defining η ≡ (t − t0)/τpi and
introducing a dimensionless parameter α motivated by (137), such that
κ|ξ||π0|
6
=
α
8τ 2pi
. (144)
Equation (136) is equivalent to
a′′a3 + (a′a)2 = −sgn(ξ)sgn(π0)α
8
e−η. (145)
The special solution corresponds to sgn(ξ)sgn(π0) < 0, α = 1, a0 = a(η = 0) = 1 and
a′(η = 0) = −1/4. We can then generalize our initial conditions as
a0 = 1, a
′(0) = β (146)
with β a real number and α > 0. It is possible to determine under which conditions on the
physical parameters and for which choice of the initial conditions the universe undergoes an
initial acceleration/deceleration. For this purpose we look for a solution of (145) subject to
the initial conditions (146) in the form of a MacLaurin series
a(η) = 1 + βη +
a′′(0)
2
η2 +O(η3). (147)
Using (145) gives immediately
a′′(0) = −β2 − sgn(ξ)sgn(π0)α
8
. (148)
Since α > 0 there will be an initial acceleration when ξ and π0 have opposite signs and
α > 8β2. If ξ and π0 have the same sign, the universe will initially decelerate. We also note
that the density ρ can be written in this dimensionless form by first using equation (129) to
obtain
ρ =
3
κτ 2pi
(
a′
a
)2
− π0
a4
e−η (149)
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and in order to leave it fully dimensionless we write
σ ≡ ρ|π0| =
4
α
|ξ|
(
a′
a
)2
− sgn(π0)e
−η
a4
(150)
where we have used equation (144) to obtain α. We have plotted a(η) and σ(η) as numerical
solutions for different values of α and β as well as different signs of π0 and ξ.
With different choices of the initial value and signs, different universes emerge. In Figure
7 we have plotted the scale factor a for the special solution describing a collapsing universe
and its constant density (in Figure 8). Most importantly there are bouncing universes whose
scale factor can be seen in Figures 9, 15 and 17 with the corresponding densities depicted in
10, 16 and 18. It is clear from the first Friedmann equation (107) that a bouncing universe has
to have a negative π00 and hence a negative π0 which comes out correctly when we plot the
corresponding densities. Singular universes, expanding, contracting or recollapsing, emerge
whenever we choose sgn(ξπ0) to be positive as shown in Figures 11, 12 (the recollapsing
case), 13 and 14.
The choice of the FRLW metric and the Einstein equations fix the behavior of the uni-
verse. The advantage of working with dimensionless parameters enables us to examine the
global behavior of the universe. One can pose the valid question addressing the fate of the
viscosity during and after the phase transition to hadrons (or what will happen in the matter
dominated universe). As for now we have to leave the answer open. However, there exist
theories in which the dark matter also exhibits a viscous component [33–36]. We notice
that the energy–momentum tensor used in [35] in the context of dark matter contains only
a subset of possible terms. This could be a starting point to use a more general viscous
energy–momentum tensor (e.g. equation (67) in the study of dark matter in the matter
dominated epoch of the universe).
V. ALTERNATIVE VERSION OF piµν FOR A FLUID WITH SHEAR VISCOSITY
In this section we will briefly touch upon one of the different versions of the energy-
momentum tensor and present some preliminary results. This alternative version of the
behavior of a fluid with shear viscosity [48] reads
πµν + τpi
[
∆µα∆
ν
βDπ
αβ +
4
3
πµν∇αuα − 2πφ(µΩν)φ +
πφ<µπν>φ
2η
]
= η∇<µuν> +O(δ2), (151)
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FIG. 7: Plot of the special solution for a(η)
in equation (137) reproduced numerically by
taking α = 1, β = −1/4 and the combined
sign of ξ and pi0 as negative.
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FIG. 8: Plot of σ(η) corresponding to the so-
lution a(η) given in Figure 7. Taking |ξ| = 1
and sgn(pi0) < 0 which within certain values
reproduces the expected density.
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FIG. 9: Plot of the numerical solution for
a(η) in equation (145) by taking α = 1, β =
1/4 and the combined sign of ξ and pi0 as
negative.
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FIG. 10: Plot of σ(η) corresponding to the
solution a(η) given in Figure 9. Taking |ξ| =
1 and sgn(pi0) < 0.
where
Ωαβ =
1
2
(∇αuβ −∇βuα) (152)
and in passing we note that yet another, third version can be consistently derived. We
explore the possibility given in (151) in order to make a first comparison with our previous
model. We will leave, however, the details for a future publication. We use the same notation
as in section IV. We concentrate first on the case with µ = ν = 0 where we already found
that ∇<0u0> = 0. It is straightforward to calculate the other terms appearing in (151). We
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FIG. 11: Plot of the numerical solution for
a(η) in equation (145) by taking α = 1/2,
β = 1/4 and the combined sign of ξ and pi0
as positive. This is a singular Universe.
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FIG. 12: Plot of the numerical solution for
a(η) in equation (145) by taking α = 100,
β = 1/4 and the combined sign of ξ and pi0
as positive. This is a strange recollapsing
Universe.
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FIG. 13: Plot of the numerical solution for
a(η) in equation (145) by taking α = 2, β =
100 and the combined sign of ξ and pi0 as
positive. This is a singular Universe
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FIG. 14: Plot of the numerical solution for
a(η) in equation (145) by taking α = 2, β =
−40 and the combined sign of ξ and pi0 as
positive. This corresponds to a collapsing
Universe with no avoidance of singularity.
obtain for the first two terms in the square brackets in (151)
∆0α∆
0
βDπ
αβ =
(
δ0α − uαu0
)
(δ0β − uβu0)uλ
◦∇λπαβ = 0, (153)
4
3
π00∇αuα = 4Hπ00, (154)
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FIG. 15: Plot of the numerical solution for
a(η) in equation (145) by taking α = 2, β =
−0.4 and the combined sign of ξ and pi0 as
negative.
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FIG. 16: Plot of σ(η) corresponding to the
solution a(η) given in Figure 15. Taking
|ξ| = 1 and sgn(pi0) < 0.
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FIG. 17: Plot of the numerical solution for
a(η) in equation (145) by taking α = 50,
β = −0.3 and the combined sign of ξ and pi0
as negative.
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FIG. 18: Plot of σ(η) corresponding to the
solution a(η) given in Figure 17. Taking
|ξ| = 1 and sgn(pi0) < 0.
and for the vorticity term,
−2πφ(0Ω0)φ = −πφ0
[
(gα0 − uαu0) ◦∇αuφ − (δαφ − uαuφ)
◦∇αu0
]
= πφ0
◦∇φu0 − π00
◦∇0u0 = 0. (155)
Using the previous definition for ∇<µuν> we have
πφ<0π0>φ
2η
=
1
2η
[
2πφ0π0φ −
2
3
(g00 − u0u0)πφαπαφ
]
=
πφ0π0φ
η
. (156)
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The full equation then reads
π00 + τpi
[
4Hπ00 +
(π00)2 + π10π01 + π
20π02 + π
30π03
η
]
= 0. (157)
We proceed to check the µ = i and ν = j case. As before we have∇<iuj> = 0. Continuing
with the next terms we can write
∆iα∆
j
βDπ
αβ =
(
δiα − uαui
) (
δjβ − uβuj
)
uλ
◦∇λπαβ
= uλ
◦∇λπij = ∂0πij +
◦
Γi0λπ
λj +
◦
Γj0λπ
iλ
= π˙ij + 2Hπij, (158)
4
3
πij∇αuα = 4Hπij. (159)
For the Ω term we get
−2πφ(iΩj)φ = −πφiΩjφ − πφjΩiφ
= −πφi
[
gαj
◦∇αuφ −
◦∇φuj
]
− πφj
[
gαi
◦∇αuφ −
◦∇φui
]
. (160)
For the above to be non-zero we require that α = j in the first term within the brackets
while α = i in the second term within the brackets. It is worth to recall that
◦∇j′uφ = ∂j′uφ −
◦
Γλj′φuλ = −
◦
Γ0j′φ, (161)
◦∇φuj = ∂φuj +
◦
Γjφλ =
◦
Γjφ0. (162)
With this at hand we deduce
−2πφ(iΩj)φ = gj
′jπφi
◦
Γ0j′φ + π
φi
◦
Γjφ0 + g
ii′πφj
◦
Γ0i′φ + π
φj
◦
Γiφ0
= gj
′jπj
′i
◦
Γ0j′j′ + π
j′i
◦
Γjj′0 + g
ii′πi
′j
◦
Γ0i′i′ + π
i′j
◦
Γii′0. (163)
With
◦
Γ0jj′ = g˜jj′R˙R, (164)
◦
Γii′0 = δ
i′
i
R˙
R
, (165)
gij g˜kl = − 1
R2
δikδ
j
l , (166)
we arrive at the result
− 2πφ(iΩj)φ = −πji
R˙
R
+ πji
R˙
R
− πij R˙
R
+ πij
R˙
R
= 0. (167)
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The last relevant term takes the form
πφ<iπj>φ
2η
=
1
2η
[
πφiπjφ + π
φjπiφ −
2
3
gijπφαπαφ
]
(168)
and the full equation now reads
πij + τpi
[
π˙ij + 6Hπij +
1
2η
(
πφiπjφ + π
φjπiφ −
2
3
gijπφαπαφ
)]
= 0. (169)
For µ = i and ν = 0 we calculate the following expressions
∇<iu0> = 0, (170)
∆iα∆
0
βDπ
αβ = (δiα − uαui)(δ0β − uβu0)uλ
◦∇λπαβ = 0, (171)
4
3
πi0∇αuα = 4Hπi0, (172)
−2πφ(iΩ0)φ = −
πφi
2
[
(gλ0 − uλu0) ◦∇λuφ − (δλφ − uλuφ)
◦∇λu0
]
−π
φ0
2
[
(gλi − uλui) ◦∇λuφ − (δλφ − uλuφ)
◦∇λui
]
= −π
φi
2
(− ◦∇φu0 + uφ
◦∇0u0)− π
φ0
2
(gii
◦∇iuφ −
◦∇φui + uφ
◦∇0ui)
= −π
φ0
2
[
−giig˜iφR˙R − δiφ
R˙
R
]
= −π
φ0
2
[
δiφ
R˙
R
− δiφ
R˙
R
]
= 0 (173)
1
2η
[
πφ<iπ0>φ
]
=
1
2η
[
πφiπ0φ + π
φ0πiφ −
2
3
(
gi0 − uiu0) πφαπαφ]
=
1
2η
[
πφiπ0φ + π
φ0πiφ
]
. (174)
This enables us to write
πi0 + τpi
[
4Hπi0 +
1
2η
(
πφiπ0φ + π
φ0πiφ
)]
= 0. (175)
A. Conservation Laws
As done in the previous case, whatever the modification of the energy-momentum tensor
we expect it to fulfill its conservation given by the Bianchi identities for the Einstein tensor.
This conservation is given by
◦∇µT µν =
◦∇µT µν +
◦∇µπµν = 0. (176)
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From the standard energy momentum tensor we know that when ν = i, we get
◦∇µT µi = 0
and thus we should have
◦∇µπµi = 0 (177)
◦∇µπµi = ∂µπµi +
◦
Γµµλπ
λi +
◦
Γiµλπ
µλ = 0. (178)
Under the assumption that the πµν are not dependent upon spatial coordinates we have
π˙0i + 3
R˙
R
π0i +
2
r
π1i − cot θπ2i + ◦Γiµλπµλ = 0. (179)
The above equation sets some conditions for the different i cases, namely,
π˙01 + 3
R˙
R
π01 +
2
r
π11 + cot θπ21 + 2
R˙
R
π01 − rπ22 − r sin2 θπ33 = 0 (180)
π˙02 + 3
R˙
R
π02 +
2
r
π12 + cot θπ22 +
2R˙
R
π20 +
2
r
π12 − sin θ cos θπ33 = 0 (181)
π˙03 + 3
R˙
R
π03 +
2
r
π13 + cot θπ23 +
2R˙
R
π03 +
2
r
π31 + 2 cot θπ23 = 0. (182)
One can show that the assumption that the tensor πµν be diagonal does not lead to any
contradiction. Let us take the equation for πi0 , namely equation (175) and let us assume
that π is diagonal. We obtain
τpi
η
πφiπ0φ =
τpi
η
(
π0iπ00 + π
j0πij
)
= 0 (183)
Both sides are equal to zero under the assumption of diagonality and hence consistent. For
the πij equation (169) taking i 6= j we get something equivalent after noting that gij is zero
for i 6= j. We have
τpi
η
πφiπjφ =
τpi
η
(
π0iπj0 + π
kiπjk
)
= 0 (184)
which again yields zero on both sides, thus the diagonal assumption of πµν is consistent. We
note that the continuity equation will also set the conditions already found in the previous
version of πµν , namely, those given in equations (99) and (100). With this consistency in
mind from now on we work with a diagonal π tensor so that the equation above for π00
actually reads
π00 + τpi
[
4Hπ00 +
(π00)2
η
]
= 0. (185)
Solving for π00 we may write
π00 = − η
τpi
(1 + 4τpiH) . (186)
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In contrast to the previous case, this is an algebraic equation, while the differential equations
will give
π11 + τpi
(
π˙11 + 6Hπ11 +
(π00)
2
3ηR2
)
= 0, (187)
π22 + τpi
[
π˙22 + 6Hπ22 +
(π00)
2
3ηR2r2
]
= 0, (188)
π33 + τpi
[
π˙33 + 6Hπ33 +
(π00)
2
3ηR2r2 sin2 θ
]
= 0, (189)
where we have used
π11π11 = π
22π22 = π
33π33 = (π
11)2R4. (190)
We note that the differential equations are all equivalent when this condition is applied. The
relevant differential equation reads
π11 + τpi
[
π˙11 + 6
R˙
R
π11 +
η
3R2τ 2pi
(1 + 8τpiH + 16τ
2
piH
2)
]
= 0. (191)
With H = R˙/R we can re-write it in the following form
dπ11
dt
= −π
11
τpi
− 6R˙
R
π11 − η
3R2τ 2pi
1 + 8τpi R˙
R
+ 16τ 2pi
(
R˙
R
)2 . (192)
We will address the possible solutions in an upcoming work, but we notice that in comparison
to our previous case this equation is inhomogeneous. Furthermore, it is straightforward to
note that the Friedmann equations obtained in the previous section will be the same for this
case, only that the behavior of πµν is now determined by equation (151). This implies that
the first Friedmann equation may be written as
H2 =
κ
3
[
ρ− η
τpi
(1 + 4τpiH)
]
. (193)
Recalling that the bounce is likely to happen if at some point H = 0, we see that in this
case this possibility can be realized as long as the density takes the value
ρB =
η
τpi
. (194)
The additional condition for the bounce to be possible is that R¨ > 0. With the second
Friedmann equation in the form
R¨
R
= H2 + H˙ = −κ
6
[
(ρ+ π00) + 3(p+R
2π11)
]
, (195)
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this implies that for the possible bounce at tB we have
H˙ = −κ
2
(p+R2π11)
∣∣∣
t=tB
> 0. (196)
The bounce happens at an early time during the evolution of the Universe. We can therefore
again make use of the equation of state p = 1
3
ρ leading to
− κ
2
(
1
3
η
τpi
+R2(tB)π
11(tB)
)
> 0 (197)
π11(tB) < − η
3τpiR2(tB)
(198)
or
R2(tB) > − η
3τpiπ11(tB)
with π11(tB) < 0. (199)
This last condition is particularly interesting, given that one usually expects a minimum
value for R at the moment of the bounce. We also find another result of interest from the
time derivative of π00,
π˙00 = −4ηH˙ (200)
which in the condition for the bounce implies
H˙ = − π˙
00
4η
> 0 ⇒ π˙00(tB) < 0, (201)
which suggests that π00 is decreasing at the moment of the bounce.
We also note that the Friedmann equation may be written as
H2 +
4
3
κηH +
κ
3
(
η
τpi
− ρ
)
= 0 (202)
from which one can obtain H(ρ) or ρ(H) which may be useful for an eventual solution of the
equations obtained. The full exploration of this version is beyond the scope of this paper and
we postpone the details to a future publication. The role of viscosity has been investigated
in a similar fashion in [81, 82], however this was done, as far as we can see, with yet another
version of the extended energy–momentum tensor.
VI. CONCLUSIONS
Whereas there seems to be a general agreement that bulk viscosity is still compatible
with the FLRW metric, one often finds the statement that this is not true for the shear
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part. As we have shown, both can enter a homogeneous, isotropic cosmology and the reason
for this can be traced back to the difference of the energy-momentum tensor in general
relativity as compared to the analogous expression in the special relativistic context. In
the latter case the vanishing of the divergence of velocities results in the vanishing of the
bulk viscosity and the vanishing of partial derivatives of velocities leads to a null effect
of the shear viscosity. With this mind it appears that the bulk and shear viscosities are
not compatible with a homogeneous, isotropic spacetime. This conclusion is erroneous in
the context of general relativity when derivatives are replaced by covariant counterparts.
Even with constant velocities in the co-moving frame, there will be a non-zero effect of the
bulk viscosity given by (18). We agree here with Murphy [21] who mentioned this result
without an explicit derivation. Using this we reviewed the main results of cosmology with
bulk viscosity. The bulk universe avoids the initial singularity by following an asymptotic
behavior at initial times (i.e., the scale factor approaches zero asymptotically).
However, we cannot confirm Murphy’s result regarding the shear viscosity. Indeed, with
the simplest choice of the energy-momentum tensor which contains the shear viscosity we ob-
tain a zero result when trying to make the shear case compatible with FLRW universes. The
above mentioned simplest choice of the energy-momentum tensor leads to acausal Navier-
Stokes equations at the special relativistic level and needs additional terms to become con-
sistent. One such improved version has been used in the present paper introducing a new
time scale τpi. It is exactly this part of the new energy-momentum tensor which is compat-
ible with the FRLW metric leading to a panoply of universes depending on the signs and
parameters chosen. It would also be a worthwhile undertaking to examine the new causal
shear viscous tensor in the context of non-isotropic metrics, i.e. Bianchi type of cosmology
metrics.
We have briefly touched upon a second possible version of the energy-momentum tensor
which leads to different differential equations. As compared to the first case these equa-
tions are inhomogeneous. It would be interesting to see what consequences this has on the
cosmology. Finally, we mention that there exists also a third possible version of a viscous
energy-momentum tensor which includes the Riemann tensor. Needless to say it would be
also of interest to explore this model further. We intend to come back to these problems in
a future publication. We have not probed into the question of the hadronic phase transition
from QGP to hadrons. This is an important issue in the cosmological context and it is partly
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examined in [83].
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Appendix A: Reduction of (136) to an Abel equation and its solution
It is possible to obtain an implicit analytical solution of (136) which we briefly sketch
below. Even though we do not make use of it, it might prove useful in future research.
By means of the particular solution to (136)
ap(t) = e
−b(t−t0), b =
1
4τpi
, (A1)
it is possible to construct an ansatz
a(t) = ap(t)ϕ(t), (A2)
which leads after rescaling t = τ/b to the following differential equation
ϕ
′′
ϕ3 + (ϕ
′
)2ϕ2 − 4ϕ′ϕ3 + 2ϕ4 = 2, ′′ = d
2
dτ 2
. (A3)
By means of the transformation
ϕ
′
= w(ϕ) (A4)
it is not difficult to verify that (A3) can be cast into the form of an Abel equation of the 2nd
kind, namely,
w
dw
dϕ
= −w
2
ϕ
+ 4w +
2(1− ϕ4)
ϕ3
. (A5)
Observe that in the case we succeed to find the unknown function w, the transformation
(A4) will give τ as a function of ϕ and at this step it is not clear at all if it will be possible to
invert this relation. Equation (A5) can be brought into a simpler form by the substitution
w(ϕ) =
u(ϕ)
ϕ
(A6)
which yields
u
du
dϕ
= 4ϕu+
2(1− ϕ4)
ϕ3
. (A7)
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Finally, by means of the transformation
z = 2ϕ2 (A8)
equation (A7) can be cast into its canonical form, more precisely
u
du
dz
− u = 1
z
− z
4
, z > 0. (A9)
We follow [84] to construct exact analytic solutions to (A9) for z > 0. To this purpose we
introduce the transformation
u(z) = h(z)V (z), (A10)
where h and V are unknown differentiable functions of z on (0,∞). Then, (A9) becomes
h2(z)V (z)
dV
dz
+ h(z)
dh
dz
V 2(z)− h(z)V (z) = F (z). (A11)
The introduction of a further unknown differentiable function U = U(z) followed by addition
and subtraction of the term UdV/dz in (A11) gives
[
h2(z)V (z) + U(z)
] dV
dz
− 2F (z) = [−h2(z)V (z) + U(z)] dV
dz
− 2h(z)dh
dz
V 2(z) + 2h(z)V (z).
(A12)
By means of a further unknown function G = G(z), it is possible to split (A12) into the
following Abel’s equations
[
h2(z)V (z) + U(z)
] dV
dz
= G(z) + 2F (z), (A13)[−h2(z)V (z) + U(z)] dV
dz
= 2h(z)
dh
dz
V 2(z)− 2h(z)V (z) +G(z). (A14)
According to Theorem 1 in [85] if there exists a constant λ such that
2U(z) = λh2(z), (A15)
then equation (A13) admits a solution
V 2(z) + λV (z) = 2
∫
G(z) + 2F (z)
h2(z)
dz. (A16)
Similarly, if it is possible to find a constant λ˜ such that
2h2(z)U(z) = −λ˜exp
(
2
∫
h(z)
U(z)
dz
)
, (A17)
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then equation (A14) has a solution
h4(z)V 2(z) + λ˜exp
(
2
∫
h(z)
U(z)
dz
)
V (z) = −2
∫
h2(z)G(z) dz. (A18)
Combining (A15) and (A17) yields an integral equation for h whose solution is
h(z) =
z
λ
+ c, λ 6= 0 (A19)
with c an arbitrary integration constant. Substituting (A19) into (A17) and using (A15) to
eliminate the dependence on U gives the relation λ = −λ˜. According to (A15) the simplest
choice for λ is λ = 2. Then, we have
U(z) = h2(z), h(z) =
1
2
(z + 2c). (A20)
It remains to determine the subsidiary function G and the function V . To find V we need
to require that the quadratic equations (A16) and (A18) which can be cast in the form
V 2(z)+2V (z)−8
∫
G(z) + 2F (z)
(z + 2c)4
dz = 0, V 2(z)−2V (z)+ 8
(z + 2c)4
∫
(z+2c)2G(z) dz = 0
(A21)
have one common root. Let
Ψ(z) = 8
∫
G(z) + 2F (z)
(z + 2c)4
dz, Φ(z) = 8
∫
(z + 2c)2G(z) dz. (A22)
Then, the quadratic equations in (A21) will have a common root whenever
√
1 + Ψ(z)−
√
1− Φ(z)
(z + 2c)4
= 2. (A23)
Squaring (A23) followed by differentiation with respect to z gives a cubic equation for√
1 + Ψ(z), namely
[1 +Ψ(z)]3/2 − 4[1 +Ψ(z)] +
[
3 + 4
G(z) + F (z)
z + 2c
]√
1 + Ψ(z)− 4G(z) + 2F (z)
z + 2c
= 0. (A24)
By means of the transformation √
1 + Ψ(z) = Z(z) +
4
3
(A25)
we can bring (A24) into its normal form
Z3 + pZ + q = 0 (A26)
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with
p = 4
G(z) + F (z)
z + 2c
, q = −20
27
+
4
3
G(z)− 2F (z)
z + 2c
. (A27)
Depending on the sign of the discriminant
D =
(q
2
)2
+
(p
3
)3
(A28)
there are the following scenarios [86]:
1. For D > 0 there are only one real and two complex solutions. More precisely, if D > 0
and p < 0 the only real solution is
Z1(z) = −2r cosh ϕ˜
3
, cosh ϕ˜ =
q
2r3
, r = ±
√
|p|
3
, (A29)
where the sign of r must be chosen so that it coincides with the sign of q. If both D
and p are positive, we have
Z1(z) = −2r sinh ϕ˜
3
, sinh ϕ˜ =
q
2r3
, (A30)
and r is defined as in (A29).
2. In the case D < 0 and p < 0 there are three distinct real roots given by
Z1(z) = −2r cos ϕ˜
3
, Z2(z) = 2r cos
(
π
3
− ϕ˜
3
)
, Z3(z) = 2r cos
(
π
3
+
ϕ˜
3
)
(A31)
with cos ϕ˜ = q/(2r3).
3. If D = 0 there is one real solution with algebraic multiplicity three if p = q = 0
or two real solutions (one with algebraic multiplicity one the other having algebraic
multiplicity two) whenever p and q do not vanish at the same time. Note that the
case p = 0 and q = 0 is never satisfied because these two conditions give rise to two
distinct subsidiary functions. Finally, if p and q do not vanish but D = 0, we find
Z1 = −2Z2, Z2 = 3
√
q
2
=
√
−p
3
. (A32)
The solution of (A9) reads
u(z) =
1
2
(z + 2c)
(
Z(z) +
1
3
)
(A33)
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with Z given as in (A29), (A31), or (A32). A general formula to determine the subsidiary
function has been provided by [84]. Here, we limit us to provide the main results, namely
G(ω) =
e−ω
16
(4ωci(ω) + cosω)[(ω sinω + cosω)ci(ω) + cos2 ω]
ω3ci3(ω)
− 2F (ω) (A34)
with ω = ln |z + 2c| and ci(·) denoting the cosine integral given by [87]
ci(ω) = γ + lnω +
∞∑
n=1
(−1)n ω
2n
2ω(2ω)!
, (A35)
where γ is the Euler-Mascheroni constant. By means of (A6) and (A8) we find that
w(ϕ) =
(
ϕ+
c
ϕ
)(
Z(ϕ) +
1
3
)
. (A36)
Finally, (A4) yields
t =
1
b
∫
dϕ(
ϕ+ c
ϕ
) (
Z(ϕ) + 1
3
) +K (A37)
with K an arbitrary integration constant.
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